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Let X be a Banach space with the dual space X* to be uniformly convex, let 
D CX be open, and let T: 6+X be strongly accretive (i.e., for some 
k<l:(~-k)~~u-v~~(~~(~-l)(~~~)+T(u)~T(v)~Jforallu,uE~andA>k). 
Suppose T is demicontinuous and strongly accretive and suppose there exists z E D 
satisfying: Z’(x) # t(x - z) for all x E 30 and t < 0. Then it is shown that T has a 
unique zero in 0. This result is then applied to the study of existence of zeros of 
accretive mappings under apparently different types of boundary conditions on 
T. 0 I985 Academic Press, Inc. 
Let X be a real Banach space and D a subset of X. A mapping T: D--t X 
is said to be k-accretive if for each u. v E D and ;1 > k: 
(A-k)Ilu-vll<II(~- lb--v)+W)--T(v)ll. (1) 
For k < 1 (k = 1) such mappings are said to be strongly accretive (resp., 
accretive). If (1) holds locally, i.e., if each x E D has a neighborhood U such 
that the restriction of T to U is a kmaccretive mapping with (uniform) 
constant k, then T is said to be a local k-accretive mapping. 
Following Kato [4], we may formulate another equivalent definition for 
accretive operators. A mapping T from D to X is accretive if and only if for 
every U, v E D there exists j E J(u - v) such that 
(T(u) - T(v)J) > 0 
where J: X-t 2x* is the normalized duality mapping which is defined by 
J(u) = U E X*: (w? = II 4l*, II Al = II 4 I 
(see Browder [l] and Kato [4]). It is an immediate consequence of the 
Hahn-Banach Theorem that J(u) is nonempty for each ZJ E X. Moreover, it 
is known that J(u) is single-valued if X* is strictly convex. We shall often 
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require our mappings to be demicontinuous, that is, (x,} converges to x 
implies that {T(x,)} converges weakly to T(x). 
In the present paper we continue the study of nonlinear functional 
equations of the form 
T(x) = 0 (*> 
where T is a demicontinuous accretive operator defined on a portion of a 
Banach space X with dual space X* being uniformly convex. The question of 
finding solutions for (*) has been extensively studied. Some related results 
are found in Browder [ 11, Kartsatos [3], Morales [lo] and Webb [ 111. To 
begin with, we show that if T is a demicontinuous strongly accretive 
mapping from D into X (with D open and 0 E D), then the Leray-Schauder 
condition, T(x) # tx for all x in the boundary of X and t < 0, is sufficient to 
guarantee the existence of a unique zero for T. This result improves a 
theorem of the author [lo], making the result accessible for further 
applications (see Theorems 3 and 4). We conclude with a theorem for 
pseudo-contractive mappings whose domain possesses the fixed-point 
property with respect to nonexpansive self-mappings. We should also 
mention that our development is a combination of elementary methods with 
rather deep theorems in differential equations due to Browder [2], with later 
applications of Kartsatos [3]. 
Throughout our discussion, we suppose the dual space X* is uniformly 
convex, and for D c X we use int(D) to denote the interior of D and aD to 
denote the boundary of D. We also use B(x; r) to denote the closed ball 
centered at x with radius r > 0. 
THEOREM 1. Let X be a Banach space and D an open subset of X. 
Suppose T: D+ X is a demicontinuous strongly accretive mapping which 
satisfies for some z E D: 
T(x) # t(x - z) forxEaDandt<O. (2) 
Then T has a unique zero in D. 
Since T is k-accretive on a set if I - T is k-pseudo-contractive, the 
following (for k < 1) is an equivalent formulation of the above. 
THEOREM 2. Let X and D as in Theorem 1. Suppose T: D + X is a 
demicontinuous strongly pseudo-contractive mapping which satisfies for some 
zED: 
T(x) - z # A(x - z) forxEaDandL> 1. (3) 
Then T has a unique fixed point in 6. 
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We need the following fact, which is a direct consequence of Theorem 3 of 
[lo], for the proof of Theorem 1. 
PROPOSITION 1. Let X be a Banach space and B a closed ball in X. Let 
T: B -+ B be demicontinuous and strongly pseudo-contractive mapping. Then 
T has a unique fixed point in B. 
Proof of Theorem 1. By replacing T(x) with T(x + z) and D by D - z, 
one may select z = 0 in (2). Since the set 
E={xED:T(x)=txforsomet<O} 
is bounded (e.g., see Lemma 2 of [lo]), there is no loss in generality in 
assuming D is bounded. 
Since the mapping U = I- T is demicontinuous from D to X, we may 
choose a closed ball B centered at 0 and D containing B so that U(B) is 
bounded in X. This implies the existence of a t in (0, 1) for which tU maps B 
into B. Moreover tU is strongly pseudo-contractive, therefore by Proposition 
1 there exis_ts x E B such that W(x) = x, i.e., (1 - t) x + tT(x) = 0. 
Let h,: D --f X be defined by h,(x) = (1 - t) x + tT(x) for each t E (0, I], 
and let 
M = {t E (0, I] : h,(x) = 0 for some x E D }. 
Observe that h, is strongly accretive and M is a nonempty set with 
sup A4 > 0 (by the previous argument). To complete the proof it suffices to 
show, successively, that sup A4 = 1 and 1 E M. 
Suppose t, = sup A4 < 1. Let { tn} be a sequence of M with t, + t, as 
n --t co, and let x, E D be such that (1 - tn) x, + t, T(x,) = 0. Since D is 
bounded and {tn) is bounded away from zero, the sequence {xn - T(x,)} is 
bounded. Therefore {xn} is a Cauchy sequence (by Lemma 2 of [IO]) and 
thus x, +x0 E 0. The demicontinuity of T implies that (1 - to) x,, + 
t, T(x,) = 0 and by condition (2) x0 E D, proving t, E M. 
Since by assumption to < 1, we select a sequence {t,} in the open interval 
’ (to, 1) such that t, --t t, . Since hJx,) = 0 with x, E D, we may choose an 
open ball B centered at x0 in D. Then for each n, 
Y, = h&J E h,,,(B) 
while 0 & h,“(B). Select u, E seg[O, y,] n ~/Q!(B). Since h,” is strongly 
accretive, Theorem 1 of [3] implies that htn(B) is open, while by (1) h,“(g) is 
closed. It follows that 
yielding to existence of a point x, E I~B so that h,,(x,) = u,. Since yn + 0 as 
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n-+ co and u,E seg(O,y,J, u,, -+ 0 and thus Lemma 2 of [ 101 once again 
implies that {x,) is a Cauchy sequence which must converge, say, to 
x, E 88 Hence &(x1) = 0 which, since x # x1, contradicts the one-to- 
oneness of htO on B. Hence t, = 1 E M. 
Next, we obtain an extension of Theorem 3 of [3 ] by weakening the 
boundary condition imposed on the operator T. 
THEOREM 3. Let X be uniformly convex Banach space. Let D be an 
open bounded subset of X and T: 5-1 X a demicontinuous accretive 
operator. Assume that there exists z E D such that 
11 T(z)11 < 11 T(x)11 
Then T has a zero in 0. 
for all x E 30. (4) 
Proof We first show that (4) implies condition (2): T(x) # t(x - z) for 
x E 80 and t < 0. Suppose T(x) = t(x - z) where x E 8D and t < 0. Then by 
choosing A= l-t and k= 1 in (1) we have 
-t [Ix - zI/ < II-t(x - z) t T(x) - T(z)11 
= II V)ll- 
Since 1) T(x)(( = - t/lx - zJ(, )I T(x)JJ < I/ T(z))/, which contradicts (4). 
Let T, : fi-+ X be defined by T,,(x) = (1/0)(x - z) + T(x), for each n E N. 
Then T,, is a demicontinuous strongly accretive mapping which also satisfies 
(2). Hence T,, has a unique zero x, E fi by Theorem 1. Since kn} is 
bounded, it follows that II T(xJ --) 0 and thus inf{ll T(x,,)]j : x E D} = 0. 
Observe from this latter fact that one may assume existence of z E D such 
that 
11 T(z)11 < inf{/l T(x)\1 :x E aD} = C. 
This implies that (( T(z)11 < [I T(x)11 - E for all x E aD where 
6 = K- IIwlo/2* c onsequently, Theorem 3 of [3] completes the proof. 
As a consequence of Theorem 3, we obtain a theorem of Browder (see 
[ 1, Theorem 61). 
COROLLARY 1. Let X be a uniformly convex Banach space, T a 
demicontinuous accretive mapping of X into X with 
The T maps X onto X. 
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ProoJ: Let T,(x) = T(x) - f z or z E X. Select q > ]] T(O)]] + 2 ]]z]], then 
by (5) there exists r > 0 such that inf{ /] T(U) ]] : ]] u ]] > r } > q. This implies 
II WM + 2 II4 < II W)ll for u E aB(O; r), 
so that 
II ~zP>ll < II Tz@)lI for u E cW(O; r). 
Since T, is also a demicontinuous accretive mapping, there exists, by 
Theorem 3, an x in X such that T,(x) = 0, i.e., T(x) = z. 
THEOREM 4. Let X be a Banach space, D a proper open subset of X with 
0 E D and T: D -+ X a demicontinuous accretive mapping which satisfies 
lim sup (T(X), J(x))/]]xl] > 0 x+.x0 (6) 
for each x,, E ~30. Then the equation T(x) + tx = 0 has a unique solution in 
D for each t > 0. 
The following proposition will be used in the proof of Theorem 4. 
PROPOSITION 2. Let X be a Banach, D an open subset of X and 
T: & X a demicontinuous mapping which is locally accretive on D. 
Suppose that T(x,) = t,x, for some x,, E D and t, < 0, and suppose for 
0 < Co < (1x0/I, B(xo ; Co) c D. Then: 
(a) If t < 0 satisj?es 
It- tol < co l4IlP ll-%IL 
then there is a unique point x, E B(xO ; Co) such that T(x,) = tx, . 
(b) The point x, in (a) satisfies 
II-% -xoll G Il4I It- tol/ltoI. 
Proof Since T is locally accretive on B = B(x,, C&J, T is globally 
accretive on B (see, e.g., [6, Proposition I]). Suppose t < 0 satisfies (a). By 
setting 2, = 1 - t, and A = 1 - t, we may rewrite (a) as 
(a’) IA-AlI < C&o- 1>/2Il-%ll. 
From (a’) we are able to choose k E [A; ‘, 1) satisfying k,l > 1 and 
Ii-&lGLK’- ~Yllx,ll~ 
172 CLAUDIO MORALES 
We now observe that the mapping f(x) = k(x - T(x)) is a local strong 
pseudo-contraction for which f(x,) = k&x, and 
Therefore, from the proof of Proposition 3 of [7], we conclude that (U)- ‘f 
fulfills condition (3) on aB (with z = x0). It follows from Theorem 2 that 
(U)-‘j has a unique fixed point xI in B, i.e., 7(x,) = tx,. 
The proof of (b) is a direct consequence of Proposition 3 of [7]. 
Proof of Theorem 4. Let the set 
g={t<O:T(x)=txforsomexED}. 
By the same argument used in the proof of Theorem 1, we may choose t, < 0 
such that (-co, t,)c 6. Now, we show that t, E a. To see this, select 
{t,}cg so that t,-+r; as n -+ co and for each 12 let x, E D for which 
T(x,) = tnx, . By choosing I = 1 - t, in (1) we obtain 
-tn IIX, - GIlI G II -4zkl- %J + w4 - ~@m)ll 
= II-LII Icl- tml 
and since {x,,} is a bounded sequence (by applying Lemma 2 of [lo] to the 
mapping -toI + T), we conclude that {xn} is also a Cauchy Sequence which 
must converge, say, to x, E 0. If x0 E i!JD, then from (6) we have 
limsup (t,Xn>J(-TJ>lllXnll 2 0 Xn’Xo 
yielding 
lim SUP t, llxnll = to llxoll > 0 xn +xg 
which is a contradiction (since t, < 0). Therefore x,, ED. This latter 
argument combined with Proposition 2 proves that a is connected and also 
that sup ~5 = 0, completing the proof. 
COROLLARY 2. Let X and D be as in Theorem 4, and let T: D + X be 
demicontinuous and accretive mapping satisfying 
0 < r G lfyyp (T(x), J(x>Vll4l 
for each x0 E 30. Then B(0; r) c R(T + tI) for all t > 0. 
(7) 
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Proof: Let T,(x) = Z’(x) - z for I] z I( < r. We shall show that T, satisfies 
(6). To see this, let x0 E 80 then (7) we have 
~i~~~~(T,(x),J(x))/llxll= lim SUPS) -z~J(x)Yllxll 0 X’X(J 
Then, by Theorem 4, 0 E R (T, + tl), i.e., z E R (T t Cl). 
COROLLARY 3. Let X be a Banach space, D a bounded open subset of X 
with 0 E D and T: D -+ X a demicontinuous accretive mapping which sends 
closed sets onto closed sets and satisfies 
lim SUP (T(x),J(x>>/llxll > 0 (8) 
dist(x,CD)-0 
for x E D. Then T has a zero in D. 
Proof For each IZ E N, there exists x, E D so that (l/n) x, t T(x,) = 0 
(by Theorem 4). The sequence {xn} is clearly bounded away from BD, 
otherwise this contradicts (8). Therefore there is a closed set C in D having 
{x,} c C since T(x,) -+ 0,O E T(D). 
We remark that Theorem 4 can be formulated in a more general setting. In 
fact, one may show that this result holds for locally accretive mappings, via 
extending Lemma 2 of [9]. Under the assumption that T is continuous and 
locally accretive, we can drop the uniform convexity of the dual space X* 
and Theorem 4 still holds. 
Finally, we prove a theorem involving pseudo-contractive mappings which 
generalizes a Theorem of Browder [I]. 
THEOREM 5. Let X be a Banach space and K a bounded closed convex 
subset of X which has the fixed point property for nonexpansive self- 
mappings. Suppose T: K -+ X is a demicontinuous pseudo-contractive 
mapping satisfying: 
(i) For some z E int(K), T(x) - z # 1(x - z) for x E aK and A> 1; 
(ii) inf{(]x - T(x)ll: x E K, T(x) & K} > 0. 
Then T has a fuced point in K. 
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ProoJ As before, by replacing T(x) with T(x + z) and K by K - z, one 
maytakez=Oin(i).ForrE(O,l)andyE(l-r)K,defineT,:KjXby 
7’,.(x) = rT(x) + y. Since 0 E int(K), there exists p > 0 such that B(0; p) c K. 
Let T,.(x) = ilx for some x E cYK and J. > 1. From the fact that T, is strongly 
pseudo-contractive we have 
yielding 
(1 - 4 II XII G Ilk - T,(x) + T,(O) II 
< II W>ll + II YII 
where L = max{ I] T(O)II, M} and M is a bound of K. Now, we show that 
(iii) a = inf{(]w - T(x)lJ: x E t3K, T(x) $ K,p E (1, n]} > 0. 
Suppose a = 0. Then there exists {xn} c 8K with T(x,) 6Z K and (p,} c (1, n] 
such that ](,u,x,, - T(x,)]l+ 0 as n -+ co. Since {p,,} is bounded, we may 
assume {p,,} itself converges, say, pn-+~ > 1. It follows that 
I],LLZY~ - T(xJ -+ 0, and if p = 1 th en ir is contradicted. So we may suppose ( ‘) 
,u > 1. Since T is pseudo-contractive, Proposition 1 of [8] implies that {x,} is 
a Cauchy sequence and thus x,+x E aK. By the demicontinuity of T, 
T(x) =px, which contradicts (i). Therefore (iii) is fulfilled. 
To complete the proof, we select r E (0, 1) satisfying 
ar-(l-r)M(q+ l)>O. 
Then by following precisely the argument of Theorem 3.2 of Kirk (51 we 
conclude 
T,(x) # Ax ifxEaKandL> 1. 
Since T, : K + X is a demicontinuous strongly pseudo-contractive mapping, 
Theorem 2 implies that there exists x E K such that T,(x) = x. Hence 
rT(x) + y = x and thus (I- rT)(x) =y, proving I- rT maps K onto 
(1 - r) K. The pseudo-contractiveness of T implies 
(r-l - 1) (I u - u]] < I/ (r-l1 - T)(u) - (r-‘I - T)(u)ll, 
yielding 
(1 - 4 II u - ull G IIV - fQ(u) - V - rT)(~)ll, u, v E K. (9) 
Thus (I - rq- ’ exists and maps (1 - r) K into K. Due to the assumption on 
K the mapping (1 - r)(l- rT)-‘, which is nonexpansive (by (9)), has a 
fixed point in (1 - r) K from which it follows that T has a fixed point in K. 
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